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Abstract

Transformer models are foundational to natural language processing (NLP) and
computer vision. Despite various recent works devoted to reducing the quadratic
cost of such models (as a function of the sequence length n), dealing with ultra
long sequences efficiently (e.g., with more than 16K tokens) remains challenging.
Applications such as answering questions based on an entire book or summariz-
ing a scientific article are inefficient or infeasible. In this paper, we propose to
significantly reduce the dependency of a Transformer model’s complexity on n,
by compressing the input into a representation whose size r is independent of
n at each layer. Specifically, by exploiting the fact that in many tasks, only a
small subset of special tokens (we call VIP-tokens) are most relevant to the final
prediction, we propose a VIP-token centric compression (Vcc) scheme which
selectively compresses the input sequence based on their impact on approximating
the representation of these VIP-tokens. Compared with competitive baselines,
the proposed algorithm not only is efficient (achieving more than 3x efficiency
improvement compared to baselines on 4K and 16K lengths), but also achieves
competitive or better performance on a large number of tasks. Further, we show that
our algorithm can be scaled to 128K tokens (or more) while consistently offering
accuracy improvement.

1 Introduction

The Transformer [28] is a foundational model for natural language processing (NLP) and computer
vision. It has shown remarkable performance across NLP applications including machine translation
[28]], language inference [8]], and summarization [12]]. Transformers have also been successfully
applied to various visual recognition tasks and achieve impressive results [9} 2||36]. Unfortunately,
the runtime/memory needs of Transformers involve an unfavorable dependence on the input length
sequence. Assuming that [ is the number of layers in the network, n is the input sequence length, and
d is the model dimension, the complexity of a Transformer is O(In?d + Ind?). The first and second
terms pertaining to computing the multi-head self-attention and feed-forward layers, respectively,
two core modules in a Transformer architecture.
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The direct use of Transformers in ultra-long sequence applications is difficult. To deal with this setting,
many current NLP models make use of strategies such as truncation to ensure that the input sentence
length is at most 512, e.g., BERT, T5, and other Transformer-based language models [31} 20, [24].
Unfortunately, such a truncation, and other related strategies, inevitably results in loss of accuracy,
the extent of which can vary from one task/dataset to another. Therefore, reducing this quadratic
dependence on the input sequence length is a key focus of many proposals, this body of work is often
called efficient self-attention. These developments are important milestones, and they have reduced
the quadratic dependency on n to linear. Consequently, many Transformer models can now process
samples with sequence lengths up to 4K (or 16K at most). In recent weeks, some reports of newer
models being able to handle much longer sequences have appeared.

Rationale. It is natural to ask whether the abil-
ity to process longer sequences via linear self-
attention is worth the trouble. The short answer
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such models? It turns out that models such as Figure 1: Model efficiency of processing one se-

Longformer [1] and Big Bird [33] become slow  gyence on an A100 as sequence length increases
and consume an excessive amount of memory (6¢¢ Jogarithm « axis).

as the sequence length keeps increasing. See

Fig. [T]for illustration. The linear dependence on n dominates the costs for sequences much longer
than 4K (or 16K) tokens. It is obvious that any model must raster through the full sequence length
at least once, and incur an O(n) cost. But to endow the models the ability to learn ultra-long range
dependency, we need to lower the cost to be sub-linear or even independent of n. This goal is
indeed aspirational, but what we describe in this paper is a concrete step forward — based on certain
task-specific assumptions which appear to generally hold, we outline a formulation that works and
delivers the expected improvements.

(1) Focus on what we need for a task: VIP-token centric compression (Vcce). It appears that our
requirement outlined above would benefit from a mature body of literature on sub-linear algorithms.
This is true to some extent, but we find that using generic sketching based ideas directly yields
unsatisfactory performance. Part of the reason is the peculiar nature of processing/transformations
that the tokens undergo in a Transformer module — a general analysis of information loss for common
sketching schemes turns out to be difficult. Instead, we approach it backwards. We argue that in
many tasks where Transformers are effective, only a small subset of tokens (which we refer to as
VIP-tokens) are relevant to the final output (and accuracy) of a Transformer. If these tokens had been
identified somehow, we could preserve this information in its entirety and only incur a moderate
loss in performance. Now, conditioned on these specific VIP-tokens, an aggressive compression
on the other tokens, can serve to reduce (and in some cases, fully recover) the loss in performance
while dramatically decreasing the sequence length. This compression must leverage information
regarding the VIP-tokens, with the goal of improving the approximation of the representation of
the VIP-tokens. In other words, a high-fidelity approximation of the entire sequence is unnecessary.
Once this “selectively compressed” input passes through a Transformer layer, the output sequence is
decompressed to the original full sequence allowing the subsequent layers to access the full sequence.

(2) A specialized data structure for efficient compression/decompression. A secondary, but
nonetheless important practical issue, is avoiding the linear dependence on n when compress-
ing/decompressing the input/output sequences internally in the network. Ignoring this problem
severely impacts efficiency. We describe a simple but specialized data structure to maintain the
hidden states of the intermediate layers, where the compression can be easily accessed from the data
structure, and decompression can be performed only by updating the data structure. Therefore, the
sequence is never fully materialized in intermediate layers.

Practical contributions. Apart from the algorithmic modules described above, we show that despite
an aggressive compression of the input sequences, we can achieve better or competitive performance
on a long list of long sequence experiments. Compared to baselines, we obtain significantly better
runtime and memory efficiency. Our paper shows that it is now practical to run Transformer models
on 128K token sequence lengths, with consistent performance benefits.



2 Preliminaries

We briefly review the Transformer layer and define notations/simplifications. We use BOLD upper-
case letters to denote matrices, bold lower case letters for vectors, and regular lower case letters for
scalars. We also summarize related work on efficient Transformers.

2.1 Transformers (and Efficient Transformers)

Let us first check the input/output relation of a Transformer. Fix n to be the sequence length and let
d be the embedding dimension. Define an embedding matrix X € R"*¢ which gives the n feature
vector inputs for a Transformer block. The output of this Transformer block, X,,¢.,, is defined as

Xnew = Ba(X,X) + X) + a(X,X) + X (1)

where «f(+, ) is called multi-head attention (MHA) and 3(-) is a two-layer feed-forward network.
Layer normalizations are omitted to reduce clutter. Let the inputs to a(, -) be Q, K € R"*¢. MHA
is defined as:

a(Q, K) := cat/={ [softmax(QWq ;W K" )KWy,;| W (2)

where h is the number of attention heads (a hyper-parameter), {W¢ ;, Wk ;, Wy ; } are trainable
projections, and the ‘cat’ operation concatenates the outputs of multiple self-attention modules.
We omit the biases just for notational simplicity. For ease of discussion, let us further simplify
the above notation by assuming that the number of self-attention modules is i = 1, and suppress
W01, Wk 1, Wy 1, W as well as the normalization in softmax: they will still be estimated within
the model but are tangential to the description of our idea which leaves this module unchanged. With
these simplifications the a(-, -) can be expressed as:

a(Q, K) := exp(QK K. 3)

Let (+) be a placeholder for all heavy computations in the Transformer layer above:
7(X) = f(a(X,X) + X) + (X, X). 4)
We can verify that the output of a Transformer block (parameters are suppressed to reduce clutter) is,
Xpew = v(X) + X. (5)

A full Transformer model consists of many such identical layers: the input of each layer is the output
X ,e1s from the previous block. We may check that the overall complexity is O(In%d + Ind?).

Efficient Transformers. A variety of efficient self-attention methods are available to reduce the
O(In%d) cost. While this literature is growing rapidly, we list a few models commonly used in the
community noting that this list is not exhaustive. Performer [4], Random Feature Attention [23],
and Nystromformer [30] propose different low rank approximations of the self-attention matrices.
Longformer [[1] and Big Bird [33]] describe global + local sparse attention. Reformer [[15] and Yoso
[35] exploit locality sensitive hashing for approximating the self-attention matrix. MRA attention [34]
takes a multi-resolution view of the self-attention matrix and proposes an approach to progressively
refine the approximation of self-attention matrices.

Efficient Self-Attention does not scale well to ultra-long sequences. As briefly noted earlier, the
existing self-attention mechanisms often reduce the complexity from O(In?d) to O(Indm) where
m is a model specific hyper-parameter for each method. So far, most experiments report sequence
lengths of up to 4K, with some exceptions [} 133} [12]. Beyond 4K, the linear dependence on n
for both O(Indm) and O(Ind?) terms makes the cost prohibitive, especially for large models. For
example, although LongTS5 [12]] manages to train a model on sequence lengths of up to 16K tokens
with an efficient self-attention and shows promising results for longer sequences, it is slower and
needs a sizable amount of compute (for example, see Fig. [I).

Other alternatives for sequence compression? Compressing input sequences for efficiency reasons
in Transformers is not a new idea, and alternatives indeed exist. For example, [6] and [[14] propose
pyramid Transformer variants that progressively compress the sequence of hidden states, as the layers
grow deeper. This is accomplished using pooling or a core-set based token selection. Separately, [21]
proposes adaptively compressing the sequence based on the predicted semantic boundaries within



the sequence. There are three key differences with our approach. First, all methods listed above are
task agnostic. They seek compressed/smaller representations to represent the original sequence well.
Our formulation places no emphasis on representing the original sequence, as long as information
pertinent to the VIP-tokens is preserved as much as possible. Second, once these methods compress
the sequence in the initial stages, the residual information is lost (for the deeper layers). Our entire
approach is predicated on avoiding this loss — we maintain access to the full sequence at each layer
(via residual connection at least). Lastly, these ideas often involve an n? dependence on the sequence
length in the initial stages of their formulation, making long sequence experiments problematic.

3 VIP-Token Centric Compression (Vcc)

Our main goal is to reduce the dependency on n (but not by modifying self-attention calculations as
in efficient transformers). To do this, we describe a scheme that compresses the input sequence of a
Transformer layer and decompresses the output sequence, resulting in a model whose complexity
is O(Ird? + lIr*d + Irlog(n.)d + lrn,d + nd). Here, r is a model hyperparameter for the size
of the compressed sequence, n,, is the size of VIP-tokens described shortly, and 7. is the size of
non-VIP/remaining tokens. So, we have n, + n. = n and assume n, < r < n. The full complexity
analysis is described in the Appendix.

Parsing the complexity term: Let us unpack the term to assess its relevance. The first two terms
O(Ird? + Ir2d) give the cost for a Transformer, while the remaining terms are the overhead of
compression and decompression. The term O(lr log(n.)d + lrn,d) is the overhead of compression
and updating our data structure at each layer. The O(nd) term pertains to pre-processing involving
converting the hidden states to our data structure and post-processing to recover the hidden states
from the data structure. Note that unlike the dependence on n for vanilla Transformers, this O(nd) is
incurred only at the input/output stage of the Transformer, but not at any intermediate layers.

High level design choices. We use the standard Trans- —l —
former layers with a standard feed-forward network tr ottt ot
(which results in d? in the first term) and standard g Decompression s
quadratic cost self-attention (which gives the 72 factor 3 t 1t 3
in the second term). Why? These choices help isolate the E [ T o L () ) §
effect of incorporating their efficient counterparts. The 2 I =
proposed algorithm operates on the input/output of each = A 2
Transformer layer leaving the Transformer module itself < N ttt &
unchanged. Therefore, our goals are distinct from the lit- W V-l em Cantivte Compression
erature investigating efficient self-attentions and efficient tt tttttt
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Figure 2: Diagram that illustrates a
Transformer layer with VIP-token cen-
tric sequence compression.

feed-forward networks. This is because one can replace
these two vanilla modules with any other efficient alter-
natives to further reduce the 2 and d? terms directly. We
note that despite these quadratic terms, our approach is
significantly faster compared to baselines, described in §4]

We will first describe our general idea, as shown in Fig. [2] which uses VIP-tokens to guide the
compression/decompression of the input/output of a Transformer layer so that it only needs to process
the compressed sequence (§3.1} §3.2). Then, we will discuss an instantiation of the compression
process, by adapting a multi-resolution analysis technique (§3.3). Lastly, we will introduce a data
structure which allows more efficient compression/decompression (§3.4).

3.1 Elevating the Importance of a Few Tokens: VIP-Tokens

Let us start with the simplest compression, which identifies a linear transformation S € R"*™ which
acts on the input, resulting in a smaller representation SX € R™*¢. Of course, a smaller r implies that
more information about X is lost. But we find that in many tasks, only the embedding representations
of a few tokens drives the final prediction: we refer to these tokens as V/P-tokens.

Examples of VIP-tokens: Observe that only the embedding outputs of masked tokens in masked
language modeling [8]] and the CLS token in sequence classification [8|9] are/is used for prediction.
In question answering, only the questions and possible answers associated with the questions are used
for prediction. It is important to note that the masked tokens, CLS tokens, and question tokens are (1)



defined by the tasks and (2) known to the model (although the embedding representation of these
tokens are unknown). These VIP-tokens can be viewed as a task or question that is given to the model.
The model can process the sequence with a specific goal in mind so that the model can skip/skim less
relevant segments. Our general principle involves choosing a set of tokens as the VIP-tokens that (1)
are important to the specific task goals and (2) easily pre-identifiable by the user.

Caveats. Not all important tokens can be pre-identified. For example, the tokens in the correct answer
span in answer span prediction are also important to the specific goals, but are difficult to pre-identify,
so only the question tokens (and not the answer tokens) are used as VIP-tokens. We assume that any
other tokens that is relevant for prediction should have high dependency with these VIP-tokens. For
example, the answer tokens should have high dependency (in self-attention) to the question tokens.

VIP-tokens occupy the front seats. VIP-tokens can typically occur anywhere within a sequence.
But we can re-order the input sequence as well as the positional encodings such that VIP-tokens
are always at the head of sequence to make analysis/implementation easier. This is possible since
Transformer is permutation invariant when permuting positional encodings (such as positional
embedding or positional IDs) along with tokens. This re-ordering is performed only once for the
input of the entire Transformer model, then the token outputs generated by the model are rearranged
to their original positions. With this layout, let P € R™»*9 be the VIP-tokens (indicated by blue) and
C € R"*4 be the non-VIP/remaining tokens, then X can be expressed as

P
[

From the above discussion, it is clear that one needs to make sure that after compressing the input
tokens X, the VIP-tokens must still stay (more or less) the same, and the compression matrix S
must be VIP-token dependent. We hypothesize that such VIP-token dependent compression matrices
require a much smaller dimension r, compared to VIP-token agnostic compression matrices.

3.2 VIP-Token Centric Compression (Vcce): An Initial Proposal

For a Transformer layer, let X denote its input matrix. Express the output of this layer as follows:
Xnew = ST(SX) + X ()

where S € R"*" is a matrix compressing X to a smaller representation and ST is the pseudo inverse
for decompression. With the layout in (6), we can write (7)) as

o] =55l <[] ®

where P,,.,, and C,,, are the new embeddings for P and C.

Always reserve seats for VIP-tokens. What is a useful structure of S? Since P,,.,, is the embedding
output for the VIP-tokens P, we want them to be fully preserved. To achieve this, we impose the
following structure on S and S':

_ L, «n 0 T _ Inpxnp 0

S—{po”sc] S_[o si| - ©
The rearrangement simply says that we will avoid compressing P? But rewriting it this way helps us
easily unpack (8) to check the desired functionality of S..

Prioritize information of VIP-tokens. Our goal is to ensure P,,.,, generated from the compressed
sequence in (8) will be similar to its counterpart from the uncompressed sequence. Let us check (8)
using the compression matrix S defined in (9) first. We see that

T — I"pxnp 0 P = v P !
SW’(SX)_[ 0" st "[s.c]) T [8(a(S.C.8X) +5.C) + Sia(s.C,s%)| - 10

The color identifies terms where P,,.,, interacts with other compression-related terms C
and/or S.. We primarily care about P,,.,, in , so the first ( ) row in (I0) is the main concern.

We see that P,,.,, only depends on the compressed sequence SX via o(P,SX). We can further
unpack,

a(P,8X) = exp(PX"ST)SX = exp(PP )P + cxp(P . (11)



Again, a(P, SX) depends on C and S.. via the second ( ) term. This helps us focus on the

key term that matters: P . Aslong as S is such that the following approximation is
good,

exp(PC'S/)S, ~ exp(PCT), (12)
we will obtain a good approximation of P,,.,,. Our remaining task is to outline a scheme of finding a

compression S, such that this criterion can be assured.

3.3 An Instantiation: Multi-Resolution Compression

What should be the mechanics of our compression such that (T2)) holds? In general, to get S, we can
use any sensible data driven sketching idea which minimizes the error of (I2)) incrementally (or in a
coarse to fine manner). Doing so efficiently needs more work; we describe the high level intuition
below and the low-level details are provided in the appendix.

High level idea. Ideally, an efficient scheme for constructing S, should operate as follows. If
some regions of the sequence C have a negligible impact on (I2)) (via the terms above),
the procedure should compress the regions aggressively. If other regions are identified to have a
higher impact on (T2)) (again due to the terms above), the procedure should scan these regions
more carefully for a more delicate compression. This suggests that procedurally a coarse-to-fine
strategy may work but integrating it within Transformer pipelines is a bit involved. For example,
multi-resolution analysis does help in approximating self-attention matrices in Transformers [34]],
but requires specialized CUDA kernels. One reason is that the formulation in [34] cannot be easily
written as matrix operations similar to (@ Nonetheless, it turns out that the analogous form for 1D
can be expressed as a matrix operation (and gives a strategy for obtaining the S.) for compressing C.
To summarize, while [34] offers a multi-resolution view of the self-attention matrix, our scheme is
best thought of as emulating the multi-resolution strategy, but to compress the sequence itself in (T2).

We use a truncated linear combination of a set or “basis” o8

(to be introduced shortly) to approximate the rows of 4 — T 1
exp(PCT). One can view S, as a truncated row space Cp Ggmmmmmmmnp P G
wavelet transform. Note that the approximation depends
on the signal being explained by these basis elements
and how many such bases we have. We call these bases (] C,
as components defined as b3, € R"< are

Figure 3: Illustration of multi-resolution
compression. Green arrow: node is re-
(13) fined to higher resolution. Blue arrow:
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10 otherwise

for s € {2°,2',22 ... n,} assuming n, is a power of VIP-tokens.

2andx € {1,2,--- ,n./s}. Here, s and x represent the \ A set
scaling and translation of the component, respectively to J = {b?, b3, by, bé} is constructed ac-
dilate/expand it or move it around (similar to wavelets) cording to the leaf (circled) nodes.

and [-]; refers to the i-th entry/row of the input vector/matrix.

Procedurally, our scheme starts with the heaviest compression and progressively decompresses certain
segments of C guided by the VIP-tokens P. This high level scheme is illustrated in Fig. 3] The node
c;, in Fig. [3)is defined as

c;:=b.C (14)
for all scaling s and translation x, which represents a s-length segment of non-VIP tokens C. In the
end, we obtain the desired compression described by a set 7. The rows of S, are the components
bS € J, and the rows of S.C are the associated c, which are the leaf nodes of the illustrated tree
The compression S, obtained via this scheme has some desirable properties: (1) Each column of S,
contains exactly one nonzero entry. (2) The pseudo-inverse of S, is simply S = S D where D is a
diagonal scaling matrix such that each nonzero entry of S is 1. (3) If the VIP-tokens P has high
attention weights for some rows of C, then corresponding row in C will be approximated with higher
frequencies (less compressed). The technical details of this algorithm are less relevant for our overall
approach, but for interested readers, the derivation and description is discussed in the Appendix.

How good is this approximation? The output P,,.,, is well approximated, by design, since the
approximation preserves the relevant frequency components of the subset of rows of C that have a
high impact on the output P, .,,. Further, the output in C,,.,, corresponding to the subset of rows



of C that have a higher dependency with the VIP-tokens will have a better approximation than the
remaining rows of C, as desired. This property is useful since some tokens with unknown locations
but high dependency with the VIP-tokens can also relevant to the final prediction of a Transformer
model in some tasks. The candidate answer tokens in question answering tasks is one example, and
our construction ensures that they will be approximated well too.

3.4 Efficient Data Structure for Compression

By employing the procedure in §3.3]illustrated K
in Fig. [3] we can find an S, with an O(n.d + Act T~ Act
rn,d) cost at each layer. The main cost O(n.d) 7N S

; . Ac? Ac A’ ae
is the overall cost of computing c, for all scal- -l Q S ay

ing s and translation . We find that this cost Aé{ Acé Acl \Acﬂ Aé% Acé AE; Acé
could introduce a large runtime overhead. Fur- )
ther, note that in (8), if we actually perform the
inverse transform St for decompression, the cost is O(n.d), which is undesirable. As a solution, we
now describe a data structure 7 (C) for storing C which enables efficient compression/decompression
and reduces the O(n.d) cost to O(r log(n.)d). Whenever C is needed, it can be reconstructed exactly
and efficiently from 7 (C). This data structure is only possible due to the specific structure of S..
constructed in Specifically, we introduce a tree structure cache storing ¢ and Ac;, defined as

Figure 4: Proposed tree structure cache 7 (C)

Ac; = c%fc/ﬂ —c (15)

for every scaling s # n. and translation . Then, for our reconstruction, any ¢ defined in (I4) can
be retrieved in O(log(n.)d) cost via recursion

CZ = C%;/Q'l — Aci = C?;/Al'l — Ac%i/Q" — AC; = (16)

The benefit of this data structure is that we can change some nodes in 7(C) and so the updated
version is 7 (Cew ), but this only needs O(r) updates.

An example. We show a four level cache for n. = 8 in Fig. [ If 7 = {b?, b}, b}, b4} as shown in
Fig. 3] then, for example, via arithmetic manipulations (more details in Appendix), we have:

(Cnew)i = €1 = (Cnew)s — €3 = (Cnew)T — €7 )
We use notation (Cpey )5 and A(cpey): to denote the counterparts of and when using
C.cw instead of C. Then, we can verify that A(Cpew), A(Crew)s in T(Chrew) stays the same as
Act, Aci in T(C) and thus do not need to be updated:

A(Cnew)% = (Cnew)% - (Cnew)% = C% - C% = AC%

A(Cnew)% = (C'new)% - (Cnew)% = C% - C% = AC%
With similar logic, we can verify that only the colored nodes in Fig. {f] will be updated. In summary,
for each b3 € 7, only the node A(cCpeq )5 and its ancestor nodes in 7 (Cyeqy ) must be updated. Via
some calculations, the number of updates is O(r), so the complexity of modifying 7 (C) to T (Cew)
is O(rd). The detailed algorithm is described in Appendix.

(18)

By maintaining this data structure, we never need to materialize the entire C or C,,¢,, in any
intermediate layer, but instead we use (T6) to construct the rows of S.C and perform updates to 7 (C)
to obtain C,,.,, (represented as 7 (C,,.)) at each intermediate layer. At the output of a Transformer,
Cew is materialized from 7 (C,,er) at a O(n.d) cost via the recursion (I6).

4 Experiments

We perform a broad set of experiments to empirically evaluate the performance of our proposed
compression. We evaluate our method on both encoder-only and encoder-decoder architecture types.
We compare our method with baselines on a large list of question answering and summarization tasks,
where we found long sequences occur most frequently. Then, we study the model performance of
scaling to ultra long sequences enabled by our method. Since efficiency is the focus of the efficient
baselines and our work, we include runtime efficiency (of a single sequence) in millisecond at each
table. All training hyperparameters and statistics of datasets are reported in Appendix.



In our discussion, the ratio of rgsolutlpn betwe?en Table 1: Dev set results for encoder-
parent node and child nodes (Fig. [3) is 2 for sim-
plicity, but in practice, we allow this ratio to be = Method  Size Length TopoQA Tin?;ﬁ‘;‘l{acy Tim‘j“iljc‘iﬁacy
larger to reduce the tree depth. For ease of imple-

. . o s . RoBERTa base 512 199 35.1 449 212  39.0 196 676
mentation, we restrict J = {bj : s € {1,50}}  RobERR base 4K 4223 0227614032 305 4141 752

for a pre-defined s to have exactly two resolu- ~ BigBird base 4K 2979 595732 3070 385 2933 745
Longformer base 4K 3710 59.9 73.6 3680 279 369.7 743

only models.

tions for our experiments. Further, we found a  ours base 4K 1146 609 746 1264 396 1080 759
few layers of standard Transformer layers to pre- 9" base 4K 114.6 614 750 1257 395 1080 76.1
process tokens helps the performance‘ There- Ours* large 4K 285.8 66.7 80.0 390.8 41.8 3943 79.6

fore, in the initial stage of a Transformer, we

segment input sequence into multiple segments of 512 length. For each segment, we use vanilla
computation in the first 4 layers (for base models and 6 layers for larger models) of a Transformer.
Then, for the remaining layers, segments are concatenated back into one sequence and processed
using our proposed compression. There is no communication among any segments, so the initial
stage is used just for getting a reasonable representation for the compression to operate on. To
simplify the implementation, we only use the proposed compression in the encoder, and use the
vanilla computation in the decoder.

Encoder-Only Models. For encoder-only architecture,
we compare our method with RoBERTa [20] and two 2 A y % ROBERTa

~
N

strong baselines: Longformer [[1] and Big Bird [33]. We §75 K >$<x > E;gn;i;‘:mer
first pretrain a standard ROBERTa model using masked lan- 3 . ours
guage modeling task, then for each method, we do contin- = 7t Ours”
uous pretraining from the pretrained RoBERTa checkpoint 69 ; , .

to expend the positional embeddings to 4K length and 1 Ru;fnﬁ (ms) orie

adjust model parameters to adapt any approximations used
in Longformer, Big Bird, and our method. We verify that
our proposed method can be integrated into a pretrained ;
Transformer with some continuous pretraining. However, SPecific hyperparameters

we note that the amount of reduction in log perplexity for our method (—0.114) during pre-training
is much larger than Longformer (—0.017) and Big Bird (—0.025) from 50K steps to 250K steps.
The continuous pretraining for these baselines might have saturated since only the self-attention is
approximated while our method might require more pretraining to adjust the parameters for more
aggressive approximation. Therefore, we run a larger scale pretraining for our method and the
downstream results are shown in Tab. [T]and Fig. [5] denoted with *.

We use HotpotQA [32]], QUALITY [22], and WikiHop [29] to assess the language models. HotpotQA
is an answer span extraction task, while QUALITY and WikiHop are multi-choice question answering
tasks. We set questions and multi-choice answers (for QUALITY and WikiHop) as VIP-tokens.

Figure 5: Model runtime vs WikiHop
dev accuracy when using different model

As shown in Tab. [T} we verify that our method is consistently better compared to Longformer and
Big Bird. Our method obtains better accuracy in QUALITY and WikiHop compared to 4K length
RoBERTa model, but it is a bit worse than 4k length RoOBERTa model on HotpotQA. More pretraining
helps close the gap. We also use WikiHop to experiment with method specific hyperparameters (such
as block size in Big Bird, window size in Longformer, and compression size r in our method). As
shown in Fig. [5] our runtime efficiency frontier is consistently better than the baselines. The key
takeaway is that our method has a much better runtime efficiency than baselines that have the same
sequence length without sacrificing its model performance. Further, we note that our method can be
scaled to larger models for accuracy improvement.

Encoder-Decoder Models. For encoder-decoder model, we compare our method with TS5 [24]],
LongT5 [12], and LED [1]]. We directly use the public pretrained checkpoints for baselines. The
pretrained models for our method are obtained by doing a continuous pretraining from the public
TS5 checkpoints using T5’s pretraining task [24]. We note that LED-base has 6 encoder layers and 6
decoder layers compared to 12 encoder layers and 12 decoder layers in base models of other methods,
its performance is usually lower. As a result, we only include LED in a few tasks.

We use HotpotQA [32], WikiHop [29], CNN/Dailymail [26], MediaSum [38]], Arxiv [5S]], and Gov-
Report [13]], SummScreenFD [3]], QMSum [37], NarrativeQA [17], Qasper [7], QuALITY [22],
ContractNLI [19] from SCROLLS benchmark [27] to assess the language models. For question an-
swering tasks, we set questions and multi-choice answers (for QUALITY and WikiHop) as VIP-tokens



Table 2: Dev set results for encoder-decoder models. The left / right values of runtime columns are
the runtime for the entire model / the encoder.

Method Size #Param Length WikiHop HotpotQA CNN/Dailymail MediaSum

Runtime EM Fl Runtime EM Fl Runtime R-1 R-2 R-L Runtime R-1 R-2 R-L
T5 base 223M 512 25.7/205 667 69.1  263/205 341 444 40.0/205 433 205 404  39.9/205 307 145 28.1
T5 base 223M 4K 594.3/553.7 762 78.1 5943/550.6 642 715 6144/549.4 438 209 41.0 613.5/5529 349 172 319
LongT5 base 248M 4K 270.7/233.9 727 748 271.3/233.7 623 757 291.6/2349 433 20.6 40.5 287.3/229.5 349 17.3 32.0
LED base 162M 4K 236.6/2229 700 724 237.4/2229 551 679 249.4/221.8 433 20.0 40.5 -/- - - -
Ours base 223M 4K 181.7/148.1 76.7 784 1554/1274 645 77.7 1958/139.9 43.6 20.7 40.7 196.7/140.2 348 173 319
T5 large 738M 512 835/67.0 69.1 714 84.1/67.0 369 47.8 124.6/67.0 43.8 20.7 409 1245/67.0 319 155 29.1
T5 large  738M 4K 1738.7/1601.0 79.1 80.7 1598.1/1598.1 68.0 81.3 1824.8/1600.4 44.3 21.0 41.4 -/-

Ours large 738M 4K 561.4/460.6 79.0 80.6 485.3/382.8 67.8 81.0 608.1/433.8 444 214 41.5 609.7/4344 358 182 32.8

Ours 3b 3B 4K 1821.5/1441.2 80.8 82.3 1547.7/1197.1 70.2 83.2 1930.7/1364.8 44.8 21.5 41.9 1930.7/1364.8 36.3 18.5 33.3

Method Size #Param Length Qasper QuALITY Arxiv SummScreenFD
Runtime EM Fl Runtime EM Fl1 Runtime R-1 R-2 R-L Runtime R-1 R-2 R-L

TS5 base 223M 512 31.8/20.5 10.8 164 293/205 33.6 473 59.0/205 289 86 256 59.1/205 270 48 235

TS5 base 223M 4K 608.2/551.7 132 29.1 596.3/551.2 347 474 6454/549.1 444 184 399 6479/551.1 31.6 6.8 27.6

LongT5 base 248M 16K 1628.5/1421.3 162 33.4 1633.1/1439.7 358 48.5 1699.7/1370.4 48.5 21.7 43.7 1763.4/1427.8 33.1 7.3 285
LED base 162M 16K -/- - - -/- - - 1055.8/923.6 47.8 20.6 432 -/- - - -
Ours base 223M 16K  538.3/391.6 16.0 30.8 557.1/419.2 36.5 48.7 672.8/392.1 485 214 439 670.5/3909 33.1 73 28.6

TS5 large 738M 512 101.9/66.4 11.3 17.0 958/67.1 353 49.0 182.2/67.1 305 9.1 27.1 180.9/66.5 283 49 249
T5 large  738M 4K -/- - - 1760.5/1596.4 37.8 50.5 1901.5/1598.8 46.0 19.4 41.4 -/- - - -
Ours large 738M 16K 1679.6/1120.2 16.3 33.7 1753.6/1210.7 40.3 52.5 1959.1/1111.0 49.5 222 44.7 1957.1/1109.2 343 7.6 29.6

Ours 3b 3B 16K  6165.4/4637.3 19.0 38.2 6398.8/4962.7 45.2 56.0 7676.3/4642.2 49.8 22.4 45.0 7641.5/4631.3 347 7.8 30.1

Method Size #Param Length ContractNLI NarrativeQA GovReport QMSum

Runtime EM F1 Runtime EM Fl1 Runtime R-1 R-2 R-L Runtime R-1 R-2 R-L
T5 base 223M 512 240/205 735 735  26.8/20.5 2.0 113 59.1/205 405 14.8 382 435/205 302 8.0 265
T5 base 223M 4K 579.0/551.6 86.8 86.8 593.4/547.6 3.8 133 6483/551.5 54.0 252 514 620.2/551.5 31.1 82 274

LongT5 base 248M 16K 1564.2/1462.5 85.1 85.1 1541.7/1370.2 5.2 15.6 1726.4/1387.7 55.8 27.9 532 1721.4/1450.7 35.7 11.7 31.4
Ours base 223M 16K  484.2/393.1 87.0 87.0 5182/3944 5.0 158 674.0/391.6 552 27.1 52.6 623.1/396.5 31.8 88 279

T5 large 738M 512 78.1/67.1 743 743 -/- - - 180.9/67.0 433 162 41.1 1364/67.1 31.7 8.1 27.6
T5 large  738M 4K 1702.4/1601.2 87.2 872 -/- - - -/- - - - -/- - - -
Ours large 738M 16K 1440.6/1122.6 87.8 87.8 1551.7/1133.9 6.6 18.7 19555/1113.8 56.3 28.0 53.8 1816.4/1134.6 34.8 10.4 30.7

Ours 3b 3B 16K 5850.2/4665.9 88.5 88.5 6055.4/4659.4 8.2 212 7668.2/46427 56.9 28.5 54.3 7146.7/4655.6 35.7 109 31.1

in our method. For query-based summarization, such as QMSum, we use the query as VIP-tokens
in our method. For general summartization tasks, we prepend a “summarize:” in each instance and
use it as VIP-tokens in our method. Our method achieves matching or better performance in most
tasks compared to TS5, LongT5, and LED with much higher efficiency (see Tab. |Z[) Further, the
performance of our method monotonically increases as the model size increases, so our method can
be scaled to larger models.

Scaling to Longer Sequences. The prior experiments
limit the sequence length to at most 4K or 16K since
the baselines can only be scaled up to these sequence
lengths. However, our method can be scaled to much
longer sequences. We note that NarrativeQA [17]] is an
ideal testbed as shown in dataset statistics in Appendix.  Length Runtime (ms) so r EM FI
The results are shown in Tab. [3] The left / middle / right 16K 5182/394.4/1624 16 2419 59 166
values of runtime column are for the entire model / the 2k ~ 68/671.6/2126 = 322791 6.6 173

32K 1027.9/751.0/298.0 16 3443 64 175
encoder / the last 8 layers (out of 12 layers) that uses our 64K  1848.7/1177.2/2548 64 2977 72 184

. . : 64K 2244.8/15742/6594 16 5491 175 193
compression. The performance monotonically increases sk ¢167.8/51259/ 10022 16 9557 80 19.6
as sequence length increases. We note that for sequence
length 64K, the performance of model with sy = 64 is lower than the model with so = 16. We
suspect that since the results are finetuned from the same model that is pretrained with sg = 16,
the large gap between the two different sy’s might have negative impact on finetuning performance.

Nevertheless, the performance is still higher than 32K length models.

Table 3: Dev results of NarrativeQA
on base model when scaling sequence
length from 16K to 128K. s is defined
in second paragraph of §4]

Why focus on 4K - 128K lengths? We believe that the computation required by full Transformers
at processing shorter sequences is not an efficiency bottleneck. As a result, we did not profile
the performance of our method for smaller length sequences, since the standard Transformers are
sufficiently fast in this case. Further, while our model can be applied to shorter sequences, we suspect
that for shorter sequences, there might be less irrelevant information for VIP-tokens. So compressing
the irrelevant information will not offer a meaningful speed up. This is a limitation of our method as
the compression works better when there is more compressible information. We have only pushed



the sequence lengths to 128K since this length was sufficient to cover a majority of sequence lengths
encountered in long sequence tasks (for example, our model is able to process an entire book at once).

Limitations. The motivation of our method is based on the assumption that in many tasks, a subset
of tokens are disproportionately responsible for the model prediction, and the remainder of the tokens
may play a role but less critical in comparison. Our method is designed to excel at specifically
such tasks by selectively locating relevant information in the sequence for given VIP-tokens. As the
experiments show, this choice is effective in many cases but this behavior is not universal. In some
settings, an embedding is pre-computed which must then serve multiple tasks concurrently, e.g., both
text retrieval and natural language inference. In this case, if we do not know the tasks beforehand,
and so VIP-token selection cannot be meaningfully performed.

5 Conclusions

We propose a VIP-token centric sequence compression method to compress/decompress the in-
put/output sequences of Transformer layers thereby reducing the complexity dependency on the
sequence length n without sacrificing the model accuracy. Specifically, we construct compression
with the goal of reducing the impact of this step on the output obtained from a small subset of impor-
tant tokens. Our empirical evaluation shows that our method can be directly incorporated into existing
pretrained models with some additional training. Also, it often has much higher efficiency compared
to baselines with the same sequence length while offering better or competitive model accuracy. For
future work, we believe that extending our method to the decoder of the encoder-decoder models
might further boost the efficiency of Transformers while maintaining similar model performance.
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6 Appendix

6.1 Definition of Notations

Table 1: Major notations used

Notation ~ Description

l number of layers of a Transformer model
n number of tokens of a input sequence
d model embedding dimension
np number of VIP-tokens
Ne number of non-VIP/remaining tokens, so n, + n. = n
T length of a compressed sequence
a(-, ) multi-head attention taking two inputs for query embeddings and key/value embeddings
B() two-layer feed-forward network
~(+) function representing all heavy computation of a Transformer layer
X embedding matrix representing a input sequence
P embedding matrix representing the VIP-tokens
C embedding matrix representing the non-VIP/remaining tokens
Xnew updated embedding matrix of a input sequence, the output of a Transformer layer
Preu updated embedding matrix representing the VIP-tokens
Crew updated embedding matrix representing the non-VIP/remaining tokens
S compression matrix
S. compression submatrix for the non-VIP/remaining tokens
st decompression matrix
SZ decompression submatrix for the non-VIP/remaining tokens
J subset of components that is constructed via Alg. |I|and used for compression
b3 components used for 1-D wavelet transform of scaling s and translation =

result of applying b3 to the non-VIP/remaining tokens, represents a local average of C over support region of b’
(Cnew);  resultof applying b, to the non-VIP/remaining tokens, represents a local average of Cy, ., 0ver support region of b3

T(C) data structure for storing the input sequence
Ac; state stored in 7 (C) defined as Ac}, := c%;/ﬂ —c;

A(Cpew); statestored in T (Cpew) defined as A(Cpew)s 1= (cnem)?i/ﬂ — (Cnew)y

[]e i-th entry/row of the input vector/matrix
[i,s (4, 7)-th entry of the input matrix

We provide a table [T] of notations that are used for more than once so that the readers can refer to
their definition easily.

6.2 Details of Multi-Resolution Compression

We describe the omitted technical details of a mod-

ified formulation of [34] to construct S satisfying 0.010 S
good approximation of . —/ 1
% 0.005 SX—§ l —
exp(PCTS])S, ~ exp(PCT). a1 = L S | s
0.000 ———

Before diving into the technical details of construct-
ing S., we introduce some notations and tools that
will be used later. We use []; to refer the i-th en-
try/row of the input vector/matrix and [-]; ; to refer o
the (i, j)-th entry of the input matrix. We use bold Figure 1: Visualization of B7 for some scal-
uppercase letters to denote matrices, bold lower case  1ng s and translation x. The y axis for differ-
letters to denote vectors, and regular lower case let- ent plots are not the same.

ters to denote scalars.

0 100 200 300 400 500

6.2.1 Basic Problem Setup

Let by € R™ be a multi-resolution component defined as

S

bs i = .
[bz] 0 otherwise

L o ifsx—s<i<sz
{ - (2

14



0.5

— —— signal
0.5

= —— approx

0 100 200 300 400 500
X
Figure 2: An example of approximating an 1D signal using a truncated wavelet transform with
components defined in (). It uses a set 7 of size 79 to represent a signal in R?12.

for s € {20,222 ... 'n.} assuming n. is a power of 2. Here, s and x represent the scaling and
translation of the component, respectively. Fig. is the visualization of b?. Any 1D signal f € R"*
can be represented as a linear combination of b3:

f=Y cibs 3)
S,x

where ¢, are the coefficients for the linear combination. For a signal with multi-resolution structure
(that is, signal has high frequency in some regions and has low frequency in other regions), we can
find an approximation f* that can be expressed as a sparse linear combination where most coefficients

are zeros, as shown in Fig. [2]
frf = ) bl 4)

bseJ

We denote J as the set of major components b corresponding to the large coefficients, that is,
J = {b? | |c3| being large}. Since the set of all possible b? is an over-complete dictionary, there
are multiple possible linear combinations. To reduce the search space of the best set 7, we place a

mild restriction on the set J:

3 sbi=1 (b3,b%) =0 Vb3, b € J,b5 #b (5)
bscJ
The conditions state that each entry of signal f is included in the support region of exactly one
component in J. With these tools, we will first describe the approximation when 7 is given, then

discuss how the approximation connects the set 7 to our target S, and S.C. Finally, we will discuss
how to construct this 7.

6.2.2 Plugging Our Problem into the Setup

A recent result shows that the self-attention matrix exp(XX ") has the multi-resolution structure
discussed above [34]. Since exp(PCT) is a sub-matrix of exp(XX "), we conjecture that the multi-
resolution structure also holds in exp(PCT). As a result, we can find a sparse combination of b$ to
represent rows of exp(PCT).

Claim 6.1. Given the set J satisfying restriction (S)), we can define an approximation of the i-th row
of exp(PCT) similar to @) as illustrated in Fig.

[exp(PCT) | = 3 b ©)
' obeg
where ¢, is the optimal solution that minimizes
— % 2
|[exo(PCT)], = [exp(PCT) | @)
ill2
Then, the approximation can be written as:
[exp(PCT) | = ([exp(PCT)],b3) ®)

2¥)

where b3 € J is the component that is supported on j (a.k.a. [biL # 0 and there is exactly one
b$ € J satisfy this condition due to restriction (9))).
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Proof. If J is given, let B € R"*17| be a matrix whose columns are elements b? € J and let
c € RI7! be a vector whose entries are the corresponding ¢ :

B:=[b}} biz - bi7] ©)
S T
c:= I:Cill ey o Cm‘a]
then the approximation can be expressed as
[exlﬁ’\CT) } = Z c;bs = Bce (10)
' obieg
If we solve for
ci= argmﬁin”[exp(PCT)]i —-Bg| (11)
then
c=(B'B)"'B' [exp(PCT)], (12)
Due to the restriction @), the columns of B are orthogonal, so B'Bisa diagonal matrix:
1/51
BB = sz (13)
1/S|J|
We can also write down BT [exp(PCT)]i
(fexp(PCT)] bi2)
BT [expa)CT)]i — <[exp(P('j. )]1 7b;1:22> (14)
([exp(PCT)], ,ba7)
Putting everything together, we have
([exp(PCT], bi2)
s PC')|. b2
Bo= [sby; sbyy oo bl | (P N0 as)
{[exp(PCT)], . b2 7))

We note that sb, simply re-scale the entry of b, such that any non-zero entry becomes 1. Then, let
us consider j-th entry of Be. Due to the restriction (3)), we have exactly one b$ € 7 whose support
region contains j, so the j-th row of the first matrix at the right hand side of (I3)) contains exactly a 1
and the remaining entries are 0. Therefore, we have

[ex@T)*Lj — [Bc], = ([exp(PCT)],,b) (16)

where b? € J is the component that is supported on j, which concludes our proof.

6.2.3 Efficient Approximation

We note that computing (8) for all j would require access to the entire [exp(PCT)].. We exploit the
same strategy as described in [34], so the exponential of inner product is used as an approximation to
inner product of exponential.

[exp(PCT)| = exp(([PCT], ,b3)) (17)

irj
We note that ([PCT] b3} is the local average of [PC | over the support region of b3,

By using some arithmetic manipulations, (T7) can be efficiently computed

ep([PCTI b)) =exp(c Y [PCT] ) =exp(c S0 (P, [C))

[bz];#0 (b3);#0
1 (18)
— (Pl L () = esp((P], e3)
[bs], #£0
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where c? is defined as
c; =b;C (19)
and can be efficiently computed via

s 1 9/2 3/2 1_ [C}

Cr = 5 Cox— 1+ B Cox (20)

We note that c; a local average of the rows of C over support region of b.

Claim 6.2. Given the set J satisfying restriction @) let S, be be a matrix whose rows are elements
bl eJ

l)s1 81
S, = | b= p-| = @1
b;‘\?\ %171
Then, .
exp(PCTS])DS, = exp(PCT) (22)
where ex@—'—) is defined as (T7).
Proof. Consider i-th row of exp(PCTST),
[exp(P(S.C)T)]; = exp([P); (S.C) ")
= exp([P]; [ c o Cil\?\b (23)
[ < 2 ’ Z1>) T eXp(<[P]7, ’ CT‘IZ” >)}
Then, we have
[exp(P(S.C) ")DS.], = [exp(([P];,e3)) -+ exp({[P],eaz )] | 24)
s171bal7)

We note that sb? simply re-scales the entry of b such that any non-zero entry becomes 1. Then,
let us consider j-th entry of [exp(PCTS/])DS.].. Due to the restriction (&), we have exactly one
b3 € J whose support region contains j, so the 7-th column of the second matrix in the right hand
side of (24) contains exactly a 1 and the remaining entries are 0. Therefore, we have

[exp(P(8.C)T)DS.], | = exp(([P); . ¢3)) = exp({[PCT]i,b3)) = [exp(PCT)| — 25)

i) T
5J

where b € 7 is the component that is supported on j. The second equality is based on (T8).
O
Claim 6.3. IfS. and D are defined as Clazm the pseudo inverse of S, is simply S = S D, so

each row of S contain exactly a 1.

Proof. Since each row of S, is some b € 7, due to the restriction @ for i # j,
1
S.S.D]. . = ([S.);,[DS.];) = (b%,s;b%) =5,— =1

|: ] 1,1 i i S; (26)

[SCSZDLJ = ([Scl;, [DS.];) = (b3:, s;b37) = 5,0 =0
As aresult, SCSCTD = I. Further, SCTDSc is a symmetric matrix. So, all Moore-Penrose conditions
are verified. ST = S! D. The second statement follows from the restriction (3 and the fact that sb?
simply re-scales the entry of b such that any non-zero entry becomes 1.

O

At the end, the approximation

exﬁ’\CT) = exp(PCTS/)DS, ~ exp(PC") 27

does not look exactly as (T), but we can insert a simple diagonal matrix D to the formulation (T)) and
make the whole thing work.
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6.2.4 How to Construct 7?

The derivation so far assume access to 7, but in practice, we have no knowledge of .7 and need to
construct 7 that leads to good approximation. With the approximation scheme in place, we can now
analyze the approximation error, which will be leveraged later to find a reasonable set of components
J . The approximation error of i-th row of exp(PC ") can be expressed as

&= H [eXP(PCT)L‘ - [GXJP\CT)L‘E

= Z([exp(PCT)] o= {GX@T)} )P

= exp(PCT)]. . —ex C']i,b%)))?

bgjwz p(PCT)], , — ep([PC 75, b)) o8)
= 3 ep((PCTILbL) Y (exp([PCT],, — (PCT],, b)) — 1)

BieJ (B3);#0
= Z exp(([P]“c;)) Z (exp([PCT]z)]7<[PCT]lvbi>)71)2

BseJg (B3); #0

The approximation error is governed by two components multiply together: attention score between
[P], and the local average c? of C over support region of b?, and the amount of deviation of [PCT] .

i,

from its local average ([PCT];, bs).
It is reasonable to assume that this de-
viation is smaller if s is smaller. When ~Algorithm 1 Constructing J
s = 1, the deviation is simply zero. Input: VIP-tokens P and c, for all s and
Therefore, this actually suggests asim-  Input: Budgets m', m®,m*,--- ,m"* for each s
ple heuristic for selecting J: when  Initialize empty J
([P]; ,c3) is large, we should approx- ~ Sets ¢ nc .
imate the support region of b with ~ Compute ui (29) and add bi @) to 7
higher resolution. This heuristic de- forPS < 26/12’ ne/ 4’1;2'_; ,l.goh | 2s
scribes the selection criteria for one foorpe’;heb%?z‘(‘fs = with the largest 1i;* @9)
row of exp(PCT), for multiple rows Computgé Ko 1, 150 @) and add b3,_,, b3, @ to T
of exp(PCT), we simply use end for

end for

Output: 7

Zexp l;.c3))  (29)

as selection criteria since 7 is shared by all VIP-tokens.

The construction of 7 is described in Alg. [I| The budgets m', m2, m*,--- , m™ required by Alg.
is used determine the number of components at each resolution that will be added to 7. Specifically,
there are 2m* — m?* number of components b for scaling s # n,. based on simple calculations. We
choose budgets such that the final size of J is r — n,, to make the length of compressed sequence to
be r.

6.2.5 How Good is This Approximation?

At high level, the compression S, performs more compression on tokens that are not relevant to the
VIP-tokens and less compression to tokens that are important to the VIP-tokens. We will discuss it in
more details. Since each row of ST contain exactly a 1 as stated in Claim ST can commute with
[, so in summary, we can write the approximation of the computation of a Transformer layer as

a(P,SX) = exp(PPT)P +exp(PC'S/)DS.C
Sia(S.C,SX) = Sl exp(S.CP )P + Sl exp(S.CC'S/)DS.C

Poew| B(a(P,SX) + P) + a(P, SX) P
Chew| — |B(Sta(S.C, SX) + SIS.C) + Sia(S.C,8X)| T |C

Note that D is added as discussed in (27).

(30)
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There are four main approximation components (purple) in (30). Taking the fact that DS, = (S]) T,
all of these approximations are row or column space multi-resolution approximations governed by
S. matrix. High attention weight implies higher dependency, and the procedure in Alg. [T|refines
regions with large attention weights with higher resolutions. Therefore, the token embedding in C
that have higher dependency to P are better approximated. The output P,,.,, is well approximated by
design since the approximation preserves the higher frequency components of the subset of rows of
C that has high impact on the output P,,.,,. Further, the output in C,,.,, corresponding to the subset
of rows of C that have higher dependency with the VIP-tokens will have better approximation than
the remaining rows of C. This property addresses the issue that some tokens with unknown locations
are also relevant to the final prediction of a Transformer in some tasks. For example, in question
answering tasks, candidate answers are usually expected to have large dependency with question
tokens (VIP-tokens), so they are approximated well as well. This approximation property is exactly
what we need.

6.2.6 Relation to [34] that Inspires Multi-Resolution Compression

Our work and [34] can
be viewed as operating

Algorithm 2 One layer computation with 7 (C)

at slightly different levels
of abstractions. ~ While
[34] tries to approximate
self-attention computation
efficiently, our paper pro-
poses a general framework
for performing a VIP-token
centric compression on
the sequence to efficiently
handle extremely long se-
quences (the self-attention
module remains completely
unchanged). Our VIP-
token centric compression
involves a number of steps
described in the main text.
But one of the key steps

Input: VIP-tokens P and cache 7 (C)
Use Algo. [I]to construct 7 but use (33) to retrieve c;, from 7(C)
Construct S, S.C associated with 7 using Claim[6.2]
Compute P ..., = B(a(P,SX) + P) + a(P,SX) + P
Set T (Chew) < T(C)
for s+ 1,2,4,---n./2do
for b; € J do
Locate row location b}, in S, refer the index as j

Compute (Crew)s = [B(a(ScC,SX) + S.C) + a(S.C, SX)]; +

Cy
Mark (Crew); dirty
end for
for dirty (Cpew); do
Compute (cngw)%i/ﬂ and update (Cpew)j
Mark (Cnew )Ty /27 dirty
end for
end for
Update (Crew)7®

involves constructing a Output: VIP-tokens P,,.,, and cache T (Cpew)
compression matrix S,

which has some desirable properties, namely satisfying (I)) which we elaborate further below.

Note that for equation (IJ), we need a matrix S, such that the approximated attention matrix involving
P and C is similar to the true attention matrix involving P and C. This is precisely where the general
idea of [34]] can be used. But the formulation in [34] cannot be applied directly in its original form
since it cannot give us S.. Why? One reason is that the formulation in [34] cannot be easily written
as matrix operations similar to equation (T)). This may be a reason why [34] has to use custom CUDA
kernels in their implementation. Nonetheless, the properties of [34] are useful. So we derive the
analogous form but for 1D instead: this 1D case is expressed as applying a matrix (this is the S, we
are looking for) to the signal C.

One bonus of this modification is that it also removes the need for custom CUDA kernels. At a high
level, [34] offers a multi-resolution view of the self-attention matrices, and our modified version is
best thought of as a similar multi-resolution view of the sequence itself. But we can also substitute in
a different means of obtaining S, (which could simply be a sketching matrix). Finally, we note that a
naive implementation of the resulting modification still requires a O(n.d) cost due to the computation
of ¢ for all possible scaling s and translation x. There is a similar cost in [34] (second paragraph in
section 4.4 in [34])). The data structure we propose reduces this cost.

6.3 Details of Proposed Data Structure

In section, we describe some omitted technical details of the proposed data structure 7 (-).

Why (Cnew)% - C% = (Cnew)% - C% = (Cnew)% - C% if b% eJ?
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Claim 6.4. Given the set J satisfying restriction (3), b3, € 7, then (Cpew)?, — €5 = (Cpew)®r — €2,
’ . . r, . .
for all b3, satisfying the support of b}, is contained in the support of b.

Proof. To simplify the notations a bit, without loss of generality, we assume x = 1. Then, for i < s,
consider (Cpew)}:

(Cnew)i = [Crewl; = [SIB(a(S.C,SX) + S.C) + Sla(S.C,SX)], + [C], 31)
= [Sl], B(a(S.C,8X) + S.C) + [SI], a(S.C,SX) + ¢}

By Claim S! = S/ D and i-th row of S contains exactly a 1. The column that contains 1 in the
i-th row of S is exactly sbj since ¢ is contained in the support of exactly one components in 7 due
to the restriction (3). Denote this column index as 7, then

(Cnew)i = [B(a(S.C,SX) + S.C)]; + [(S.C,SX)]; + ¢; (32)
Note that this holds for all 7 < s. As a result, for 7,7’ < s,

(Cnew)i — ¢ = [B(a(S:C, SX) + SCC)]j + [a(S8.C, SX)]]‘ = (Cnew)i — € (33)

Then,
1 1 1 1
(Cnew)fisz) = i1 = 5 (Cnewlarijar—1 + 5 (Cnew)arisa) = 5C2ri/21-1 ~ 5 21i/2)
1 1 34
= 5((cn€w)%[i/2171 - C%wzpl) + 5(((:7167«0)%[1’/2] - C%[im) (34
= (Cnew)%[i/ﬂ—l - Céum—l
The rest follows from induction.
O]

6.3.1 Algorithm for Making 7 (C) into 7 (C,,c.)

In this section, we describe the exact algorithm to update 7 (C) into 7 (Cyew)- The pseudo code is
described in Alg. 2] where c, is computed via

We use the term “dirty” in Alg. [2]to indicate the node needs to be handled due to node updates. This
term is commonly used in computer cache implementations to indicate that the data of a specific
location has been updated and needs to be accounted for.

6.4 Complexity Analysis

In this section, we will discuss the detailed complexity analysis of our proposed method. The overall
complexity of our proposed method is O(Ird? + Ir2d + [r log(n.)d + lrn,d + nd) when using the
proposed efficient data structure.

6.4.1 Preparing Input Sequence to 7 (C): O(nd)

At the first layer, we need to permute the rows of X into [P; C], which takes O(nd) cost. Then, we
process C into 7 (C) by computing c: defined in (20) sequentially from c2 for all z, c2 for all =, ...,
c{'* and then computing Ac for all s and . The amount of cost is the same as the number of nodes
in the tree 7 (C), so the cost is O(n.d). Note that n. < n, so the overall complexity of the above
operations is O(nd).

6.4.2 Constructing 7,S.,S.C: O(Irlog(n.)d + lrn,d)

We can analyze the complexity of constructing 7 using Algo. [T} There is only one possible ji/<.
Then at scale s for s # n., there are 2m® number of 1 being computed since there are 2 components
bg, for each b2, As a result, we need to compute O(1 + Y _2m*) = O(>_, m*) number of ys.
When ¢ is given, the cost of computing a pf, is O(n,d), so the overall cost of constructing J
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is O((1 + Zle 2m;)n,d). Further, at scale s for s # n,, the size of J is increased by m?, so
the size of J is O(Y",m®). Since S, € R"="»)X" and |J| = r — n,, as discussed in §|6.2.4L
O(r —np) = O3, m*). We use O(r) for simplicity instead of O(r — n,). As aresult, the overal
cost of constructing 7 is O(rn,d).

The above cost assumes c;, is given. If we compute c; using for all s and x, the cost will
be O(n.d) as analyzed in §6.4.1] However, if we employ the proposed data structure, each c2
can be retrieved in at most O(log(n.)d) by recursively computing (33). Since we need to retrieve
O(r) = O(>_, m*) number of ¢, the complexity of computing necessary c?, is O(r log(n.)d).

As aresult, the complexity of constructing 7 is O(rn,d + r log(n.)d) at each layer. When summing
the cost over all layers, the complexity is O(Irn,d + Ir log(n.)d).

By Claim [6.2} the rows of S, and S.C are simply the b, € 7 and the corresponding ¢, which are
already computed during the construction of 7, so we essentially can get these S. and S.C for free.

6.4.3 Feeding Compressed Sequence into a Transformer Layer: O(Ird? + [r2d)

At each layer, we need to compute
Pcw = B(a(P,SX) + P) + a(P,SX) + P (36)
and the result of
B(a(S.C,SX) +S.C) + a(S.C,SX) (37)

for updating 7 (C). This is the part of a Transformer layer that requires heavy computation. It can
be verified that the complexity of a Transformer layer is O(nd? + n%d) for a input sequence of
length n. Now a compressed sequence of length r is fed into a Transformer layer, the cost is simply
O(Ird? + Ir?d). We note that there is an additional re-scaling to plug D into exp(PCTS/)DS.
during multi-head attention computation discussed in [27] However, the additional cost of applying D
is O(rd), which does not change the complexity. When summing the cost of all layers, the overall
complexity is O(Ird? + Ir2d).

6.4.4 Updating 7 (C) into 7 (C,,c,): O(Ird)

Once (37) is computed, we need to change 7 (C) into 7 (Cpew). The cost of change 7 (C) into
T (Chpew) is O(rd). Specifically, let us take a look at the first three iterations:

(1) At the first iteration, there are O(m') number of (Cye. ). to be computed at the first inner
for loop, and there are O(m!) number of (¢, ). to be updated in the second inner for loop.

Additional (’)(mTl) number of (cnew)%w /21 are masked dirty.

(2) At the second iteration, there are O(m?) number of (C,,e,)2 to be computed at the first inner
for loop, and there are O(m? + %) number of (€ )2 to be updated in the second inner
for loop. The second term is due to the dirty (cnew)% /2] from the first iteration. Additional
(9(’”72 + mTl) number of (cnew)ﬁ, /2) are masked dirty.

(3) At the third iteration, there are O(m*) number of (Cy,ey )2 to be computed at the first inner
for loop, and there are O(m* + '"72 + %) number of (Cyeq )2 to be updated in the second
inner for loop. The second and third term is due to the dirty (cnew)‘F; /201 from the second

iteration. Additional (9(7"74 + %2 + %1) number of (cnew)?m /21 are masked dirty.

It becomes apparent that if we sum over the number of computes of (Cyeq )2 and updates of (Crew)Z,
the total number is O(>", m* + >, Z;‘f;s) my = O3, m* + >, m*) = O(r). Since each

27
compute and update takes O(d) cost, the overall complexity of changing 7 (C) into T (Chey) is

O(rd). When summing the cost of all layers, the overall complexity is O(lrd).

6.4.5 Materializing C,.,, from 7 (C,,,,) at the Last Layer: O(nd)

At the output of the last layer, we can compute (Cpeq )2 sequentially from (Cpeq )1, (cnew)ﬁc/ 2, s,

(Cnew)? for all z from T (C,,ey) using at O(d+2d+4d+ - + ned) = O(ned) = O(nd)
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cost. Then, [Cy,ey]; = c; is materialized from 7 (Cj,eq). Lastly, undoing the permutation so that
[P,.c0; Crew) are re-ordered to the original positions has a complexity of O(nd). As a result, the
overall complexity is O(nd).

6.4.6 Overall Complexity
In summary, the overall complexity of our method is

O(lrd* + Ir?d + Irlog(n.)d + lrn,d + nd) (38)

6.5 More on Limitations

To reduce the complexity of implementations, the method is proposed for the encoder module of
the Transformer that assumes full access to the entire sequence. The proposed compression can be
extended to approximate the computation in the decoder, but it requires more implementation efforts,
so we leave it for the future work. We briefly describe two possible options to do so. (1) We can use
the input tokens of the decoder as VIP-tokens to compress the representations of context sequence
generated by the encoder before Cross Attention computation to reduce the cost of Cross Attention.
(2) Auto-regressive decoding operates using Causal Attention at each step. This Causal Attention
operation requires memory and computation that is linear in the length of the prefix. We can keep
the same Causal Attention VIP-token (the representation of the token currently being generated) and
apply our method to compress the representations of the previously generated tokens. This reduces
the linear complexity of the Causal Attention operation to sublinear. This is useful for reducing the
cost of inference, but it is not clear how to apply this compression during training auto-regressive
decoding.

6.6 Experiments

Table 2: Length statistics of each dataset. The values are the percentiles of number of tokens for the
specific tokenizers. For TS tokenizer, the left value of is for sequence lengths of encoder input, and
the right value is for sequence lengths of decoder input.

RoBERTa T5
Percentile | HotpotQA QuALITY WikiHop WikiHop HotpotQA Qasper QuALITY ContractNLI
75th 1535 7603 2204 2399/6 1692/6 7029 /29 7747117 2991/4
95th 1928 8495 3861 4206/9 2129/10 10920/71 8603 /28 5061/4
T5

Percentile | NarrativeQA CNN/Dailymail MediaSum Arxiv SummScreenFD  GovReport ~ QMSum MultiNews
75th 90482/ 10 1242 /87 2621/29 13477/ 364 12119/ 188 13304 /811 19988 /110 3032/379
95th 260533 /18 1946/ 130 5061 /64 26024 /759 16722/330  23795/983 31749/162 6676 /468

We run all experiments on NVIDIA
A100 GPUs. All code is implemented
using the standard PyTorch frame-
work. No custom CUDA kernels are  “yopod  size Length HotpotQA QUALITY WikiHop
needed. As a result, it can be eas- Runtime EM Fl Runtime Accuracy Runtime Accuracy
ily deployed to other platforms or ML~ RoBERTa base 512 199 351 449 212 390 196 676
. . RoBERTa base 4k 4223 622 76.1 4032 395 4141 752
frameworks. We will publish all code BigBird  base 4k 2979 595 732 307.0 385 2933 745
and checkpoints necessary for repro-  Longformer base 4k 3710 599 736 3680 279 3697 743
L . Ours base 4k 1146 609 746 1264 396 1080 759
ducibility concurrently with the paper — ours-isok base 4k 1146 607 741 1264 394 1080 761

publication.

Table 3: Dev set results for encoder-only models fintuning
on HotpotQA, QuALITY, and WikiHop.

6.6.1 Pretraining

We use a filtered The Pile dataset [[11] for all pretrainings. Since we are using public pretrained
tokenizers, we want to enable the distribution of pretraining corpus aligns well with the distribution
of corpus used to create the tokenizers. As a result, we use tokens per byte as a proxy for alignment of
distributions and filter out PubMed Central, ArXiv, Github, StackExchange, DM Mathematics [23],
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Ubuntu IRC, EuroParl [18]], YoutubeSubtitles, and Enron Emails [[16] components, which have tokens
per byte greater than 0.3. Then, the remaining corpus of The Pile dataset is used for pretraining.

For encoder-only models, we pretrain ROBERTa for 750K

7

steps. A batch consists of 8,192 sequences of 512 length. - 388 I ol
The masking ratio for masked language modeling (MLM) ¢ g % % x X Longformer
is 15%. Then, 4K length models are continuously pre- g S ous.

~
ey

trained from the ROBERTa checkpoints for 300k steps.
The positional embeddings are extended by duplicating
the pretrained 512 positional embedding multiple times.
For 4K length RoBERTa, Longformer, and Big Bird, the
batch size is 64, and the masking ratio is 15%. With 15%
masking ratio, there are roughly 616 masked tokens scat-
tering in the sequences. We find that using 616 scattered
masked tokens as VIP tokens for 4,096 length sequences
might not be indicative for VIP-token centric compression,
so we use masking ratio 7.5% and batch size 128 for our method. The number of masked tokens
per sequence is reduced, and the number of total masked token predictions remains the same during
pretraining. We note that with larger batch size, the wall clock pretraining runtime for our method is
still smaller than baselines. In case that anyone is interested, we also show downstream finetuning on
our method pretrained on the same number of tokens but fewer number of masked token predictions
in Tab. 3]and Fig. [3] denoted as Ours-150k. The accuracy is consistent with our model pretrained on
300k steps. For the larger scale pretraining denoted with *, we pretrain our method for 250K steps
with batch size 512 and masking ratio 7.5%.

Ours-150k

o
©

10? 2x10% 6x10%
Runtime (ms)

Figure 3: Model runtime vs WikiHop
dev accuracy when using different model
specific hyperparameters

For encoder-decoder architecture of our method, we do continuous pretraining from the public
checkpoints of T5 for 250K steps with batch size 256 using the masked span prediction. Since each
masked span (consists of multiple tokens) is replaced by a single special token, when using masking
ratio is 15%, the number of special tokens in a sequence is not too large, we keep masking ratio 15 %
unchanged.

6.6.2 Downstream Finetuning

The statistics of the sequence lengths of instances
in each dataset are summarized in Tab. [2] The hy- Table 4: Dev results for encoder-decoder mod-
perparameters of all experiments are summarized in  els on MultiNews.

Tab[5] When there are multiple values in an entry, it “emod Sie #Paam Length MultiNews

means we perform a hyperparameter search on these Runtime ~ R-1 R2 RL

values. The amount of search is determined by the 75 base 223M 512 592/205 425 153 390
TS base  223M 4K 651.2/551.8 464 182 426

size of datasets. If a dataset is relatively large, We  [iors base 248M 8K 7217/5506 467 183 429
only search the learning rate. If a dataset is small, we LED - bae JOIM. K 30054542 46 178 427
include batch size and the number of epochs in search. —
For all tasks, if the sequence lengths are longer than
the model length m, the sequences will be truncated
and only the first m tokens will be used. For encoder-
decoder models, we use greedy decoding in sequence
generations for simplicity. The maximal decoder output length, specified in Tab. [3 is set such that
the maximal length covers the output lengths of more than 99% of instances. When the length of
covering 99% of instances is greater than 512, we just set the maximal decoder output length to 512.
Additionally, we show one extra experiment on MultiNews [10] in Tab. ] which is not in the main
text due to space limit.

TS large  738M 512 180.8/67.0 434 156 398
Ours large 738M 8K 1140.3/651.5 482 192 442

Ours 3b 3B 8K  4094.5/2696.0 489 194 447

6.7 Practical Questions

Why is the performance of our method is better than standard models?

Our method is an approximation of the standard models, which should be inferior to the standard
models, but in some cases, the performance of our method is better than standard models. We believe
the reason is that the correct inductive bias improves the performance for tasks with limited amounts
of data. Our approach is forced to compress irrelevant information and the attention is carried out on
the compressed sequences, but in standard model with standard attention, each token has access to
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Table 5: Hyperparameters for all experiments.

LM Encoder-Only Encoder-Decoder

Task HotpotQA  QuALITY  WikiHop WikiHop HotpotQA  CNN/Dailymail MediaSum Qasper
Optimizer Adam Adam Adam Adam Adam Adam Adam Adam
Weight Decay 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
LR Decay Linear Linear Linear Linear Linear Linear Linear Linear
Precision FP16 FP16 FP16 BF16 BF16 BF16 BF16 BF16
Batch Size 32 16 32 32 32 32 32 {16, 32}
Learning Rate {3e-5, 5e-5} {3e-5,5e-5} {3e-5,5e-5} {le-4,3e-4} {le-4,3e-4} {le-4,3e-4} {le-4,3e-4} {le-4,3e-4}
Epochs 10 {10, 20} 10 10 10 10 10 {10, 20}
Warmup Steps 1000 200 1000 1000 1000 1000 1000 200
Max Output Length - - - 32 40 256 256 128
LM Encoder-Decoder

Task QuALITY ContractNLI NarrativeQA Arxiv SummScreenFD  GovReport QMSum  MultiNews
Optimizer Adam Adam Adam Adam Adam Adam Adam Adam
Weight Decay 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
LR Decay Linear Linear Linear Linear Linear Linear Linear Linear
Precision BF16 BF16 BF16 BF16 BF16 BF16 BF16 BF16
Batch Size {16, 32} {16, 32} 32 32 {16, 32} {16, 32} {16, 32} 32
Learning Rate {le-4,3e-4} {le-4,3e-4} {le-4,3e-4} {le-4,3e-4} {le-4,3e-4} {le-4,3e-4} {le-4,3e-4} {le-4,3e-4}
Epochs {10, 20} {10, 20} 5 {10, 20} {10, 20} {10, 20} {10, 20} 10
Warmup Steps 200 1000 1000 1000 200 1000 100 1000
Max Output Length 90 4 47 512 512 512 310 512

the entire sequence, which enables a larger degree of freedom. As a result, more training data might
be required for the model to learn the correct pattern or bias.

24



	1 Introduction
	2 Preliminaries
	2.1 Transformers (and Efficient Transformers)

	3 VIP-Token Centric Compression (Vcc)
	3.1 Elevating the Importance of a Few Tokens: VIP-Tokens
	3.2 VIP-Token Centric Compression (Vcc): An Initial Proposal
	3.3 An Instantiation: Multi-Resolution Compression
	3.4 Efficient Data Structure for Compression

	4 Experiments
	5 Conclusions
	6 Appendix
	6.1 Definition of Notations
	6.2 Details of Multi-Resolution Compression
	6.2.1 Basic Problem Setup
	6.2.2 Plugging Our Problem into the Setup
	6.2.3 Efficient Approximation
	6.2.4 How to Construct J? 
	6.2.5 How Good is This Approximation?
	6.2.6 Relation to MRA Attention that Inspires Multi-Resolution Compression

	6.3 Details of Proposed Data Structure
	6.3.1 Algorithm for Making T(C) into T(C_new)

	6.4 Complexity Analysis
	6.4.1 Preparing Input Sequence to T(C)
	6.4.2 Constructing J, S_c, S_c C
	6.4.3 Feeding Compressed Sequence into a Transformer Layer
	6.4.4 Updating T(C) into T(C_new)
	6.4.5 Materializing C_new from T(C_new) at the Last Layer
	6.4.6 Overall Complexity

	6.5 More on Limitations
	6.6 Experiments
	6.6.1 Pretraining
	6.6.2 Downstream Finetuning

	6.7 Practical Questions


